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Sensitivity Analysis of Side Slip Angle 
for a Front Wheel Steering Vehicle 

�9 a Frequency Domain Approach 

Jin-Hee Jang* and Chang-Soo Han** 
(Received February 1, 1996) 

In this paper, sensitivity analysis of side slip angle for a front wheel steering vehicle is 
performed in the frequency domain. For the derivation of  the transfer function, a simple vehicle 
model with two degrees of freedom is used in the initial modeling stage. This model exhibits the 
simplest lateral dynamic effect, and is useful for understanding the dynamic characteristics and 
control aspects of the target system. Vehicle mass, inertia, cornering stiffness, and wheel base are 
taken to be the design variables. Sensitivity functions of  the transfer function with respect to the 
design variables are derived. From this study, we see that a transition speed exists in the 
frequency response of  side slip angle. This implies that the characteristics are changed from 
minimum phase to non-minimum phase as the vehicle speed increases. The objective of this 
study is to propose a basis for design and re-design of  the vehicle by checking the side slip angle 
variations with respect to design variable changes in the frequency domain. Finally, dominant 
design variables are suggested based on the sensitivity analysis. 

Key Words :  Sensitivity Analysis, Lateral Vehicle Dynamics, Side Slip Angle, Steering 
Characteristics, Transition Speed, Non-Minimum Phase 

Nomencla ture  

rn : Vehicle mass 
I 2 Moment of  inertia of a vehicle in yaw 

,direction 
V : Vehicle speed 

KI  : ,Cornering stiffness of  a front wheel 
Kr :,Cornering stiffness of  a rear wheel 
/i ~ Distance from c. g. to front wheel center 
lr 2 Distance from c. g. to rear wheel center 
~s 2 Front wheel steering angle 

1. Introduction 

Sensitivity analysis is an efficient tool for 
checking the effects of the design variables on the 
system state variables (Deif, 1986). State variables 
represent dynamic characteristics of the system, 
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while, design variables are specified from the 
design criteria. Therefore, characteristics of  state 
variables are governed by the initial values of 
design variables. In the case of re-designing a 
system, sensitivity information can be used as a 
design basis (Vanderplaats, 1984; Arora, 1989), so 
that sensitivity analysis is an important tool for 
the designer. 

This is classified by static, kinematic, and 
dynamic sensitivity analysis with respect to system 
state. Static sensitivity analysis is used to check 
the variations of the state variables with respect to 
design variable changes in the static state. Particu- 
larly, this can be utilized in structural design. The 
kinematic sensitivity analysis can be applied to 
the kinematic state of  the mechanism(Haug and 
Sohoni, 1984). Dynamic sensitivity analysis is 
utilized for evaluation of  the variation of  the 
target mechanism in the dynamic state(Krish- 
naswami et al., 1983, Haug et al., 1984, Chang 
and Nikravesh, 1985, Jang and Han, 1995). 
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This sensitivity analysis is based on the time 

domain approach. But, for evaluation of the 

steady state characteristics of the target system, 

frequency domain analysis is necessary. A sensi- 

tivity analysis of the yaw rate of  a front wheel 

steering vehicle in the frequency domain was 

performed by Jang and Han(1997). From this 

research, we see that the frequency response of the 

yaw rate is always stable. This means that the 

response has minimum phase characteristics 

owing to the stable zero dynamics (Jang and Han, 

1997). 

In this paper, sensitivity analysis of  the side slip 

angle of  the front wheel steering vehicle is consid- 

ered in the frequency domain. The lateral vehicle 

dynamics are involved in steering maneuver when 

an automobile is driven at various speeds. Gener- 

ally, the steering maneuver of the vehicle is car- 

ried out by the steering wheel input of the driver. 

The vehicle is then steered to the desired target 

path of the driver. This is one of the important 

maneuvers for the maneuverabili ty of  the vehicle 

(Whitehead, 1988). Front  wheel steering vehicle 
is common in most passenger cars. 

In order to study the sensitivity analysis of side 

slip angle and check the validity of the developed 

control  logic, a simple bicycle model is widely 

used. It can also be used for evaluation of the 

basic lateral dynamic response(Ellis, 1969; Gille- 

spie, 1992; Shiotsuka, Nagamatsu, and Yoshida, 

1993). This model is the simplest possible for the 

verification of  some types of steering maneuver 

(Jansen and van Oosten, 1994). The second 

candidate is a lumped multi-degree of  freedom 

vehicle model. The entire vehicle is modeled by a 

mass, spring, and damper. This is the intermediate 

form of the vehicle model for steering and suspen- 

sion system effect. The last form of  the vehicle 

model is a mul t i -body vehicle model consisting of 

mass, spring, damper, and any mechanical joints. 

It is useful for examination of the more detail 

vehicle characteristics such as three dimensional 

mechanical information(Jang et al., 1995) 

In the steering maneuvers of the front wheel 

steering vehicle, two dominant state variables, 

side slip angle and yaw rate, are conventionally 

used. In this paper, side slip angle response in the 

frequency domain is studied. For  this purpose, a 

transfer function and some useful basic terms 

(SF ,  ~', and con) are defined and used to under- 
stand the steady state characteristics of the vehi- 

cle. These terms are also used for formulation of 

the sensitivity functions. Magnitude and phase 

response are evaluated, and sensitivity results of 

the response are suggested by these derived sensi- 

tivity functions. All  formulations for the sensitiv- 

ity analysis are performed by first order partial  

differentiation with respect to the design vari- 

ables. 

The objective of this research is to determine 

sensitivity information for the magnitude and 

phase of the side slip angle with respect to the 

design variable change. Finally, for re-design and 

initial design of  the vehicle, dominant design 

variables of the system are suggested based on the 

analyses in the frequency domain. 

2. Vehicle Modeling 

Although various vehicle models can be used 

for our purposes, a simple bicycle vehicle model 

is selected for the analytical derivation of the 

sensitivity equations with respect to some design 

variables. A vehicle in steering is represented in 

Fig. 1 and the major concern is regarding the 

lateral vehicle dynamics in steering maneuver. 

Y V x 

D e s l p  Varlables : m, l , l ~ l ,K , , l l ,  l, 

Fig. 1 A vehicle in steering maneuver 

Each parameter and design variable is listed in 

the nomenclature. The side slip angle and yaw 

rate are selected as the state variables of the 
system as follows: 

z = [ B  r y  ( l)  
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where z is the state variable vector, 13 is side 
slip angle, and r represents the yaw rate of the 
vehicle obvious. Design variables of this system 
are selected as the following: 

b = [ b x  b2 b3 b4 bs b6] r 
=[m I Ks Kr l: Jr] r (2) 

The governing mathematical equations of 
motion for the front wheel steering vehicle can be 
expressed as in Eqs. (3) and (4) (Jang, 1995a). 
These equations can be derived with the assump- 
tion that side slip angle is very small, and the 
cornering stiffness (K: and Kr) has linear charac- 
teristics under normal driving conditions. Also, 
weight transfer between the right and the left of 
the vehicle, as well as the effects of the vehicle 
width, are ignored. 

- d13+2(K:+Kr) l  3 m v ~ i -  

+ [ m V + ~ ( I : K : - l r K ~ ) ] = 2 K : ~ :  (3) 

2( l :K: -  lrKr) 13 + I dr 
dt 

+ [  2(1}K:v + l~Kr)-] r=21:K:3: (4) 

Equations (3) and (4) are the basic equa- 
tions for two dimensional plane motion of the 
vehicle. The left sides of Eqs. (3) and (4) rep- 
resent motion of  the vehicle, and the right sides of 
the equation are inputs to the vehicle, with front 
wheel steering angle(S:).  From Eqs. (3) and (4), 
taking Laplace transforms of each side, we obtain 
the following equations: 

[mVs+ 2(K:+ Kr) ]13(s) 

+ [ m V + ~ (  l :K:-  lrKr) ]r (s) 

=: 2K:8: (s) (5) 

2 ( l:K: - IrKr) 13 (s) 

+[Is+ 2(I}K:v + I~K~) ]r(s)  

=: 2 lsKs~s (s) (6) 

where 13(s), r(s) ,  amd ~:(s) are Laplace 
transform variables of 13, r ,  and ~:, respectively. 
After ,;ome manipulation of Eqs. (5) and (6), the 
following input/output relations can be derived. 
In this case, steer angle is the input and side slip 

angle is the output variable. 

2K: mV+ v(I:K:-lrK,) 

fl(s) _ 21:K: IS+ v(I}K:+I~K~) _ _  
(7) 

8:(s) mVs+2(K:+Kr) mV+v(I:K:-I,Kr) 

(I:K:-I,K,-) IS+ v(I~K: + I~K,-) 

Generally, when the governing equations of  the 
mechanical system are given, the response for the 
steer angle can be obtained under adequate driv- 
ing conditions. The characteristic equations of the 
system can be easily obtained by setting the 
denominator  of  Eq. (7) to zero. Finally,  the 
form of the characteristic equation for this case is: 

s2 + 2~wns + co~=0 (8) 

where 

2~con= 2m(l~K:+ 12rKr) + 2I (K:+ Kr) (9) 
rnlV 

., 4K:Kd 2 2 ( l :K: -  LKr) (10) 
co~= m l V  2 I 

In Eq. (10), l is the wheel base & t h e  vehicle 
(I:+ lr). If  COn is the a natural frequency and ~" is 
the damping ratio for the lateral vehicle 
dynamics, the final forms of the these terms are 
obtained as follows: 

2l K/KT-sK~/! V ~ con = - ~ / ~ v  +SF" (11) 

~= m(l}K:+l~Kr) +I (K:+Kr)  (12) 
2A/mlK:Kr ( l + SF" V 2) 

These represent basic characteristics of an auto- 
mobile in lateral vehicle dynamics with respect to 
the steering input. Like the conventional meaning 
of  natural frequency and damping ratio, these are 
used as a standard for the lateral motion of the 
system. In Eqs. ( l l )  and (12), S F  is the stabil- 
ity factor of the vehicle and is expressed as fol- 
lows: 

m l:K:-lrKr (13) 
SF : 212 K:Kr 

This term is known as the understeer/oversteer 
gradient. If a vehicle has a positive value of  SF,  
it shows an understeer characteristic. Like Eqs. 
( l l )  and (12),  the na tura l  f requency and 
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damping ratio are functions of  the design vari- 

ables and speed of  the vehicle. 

Finally,  the transfer function between steering 

angle input and side slip angle output can be 

expressed with the previous information: it is a 

function of the vehicle design variables and some 

basic vehicle functions (SF ,  ~, and con). Since our 

major concern is on the response of the side slip 

angle in the frequency domain, the following 

transfer function can be obtained from Eq. (7): 

G~(s) = r 
as(s)  

l § Tps (14) 

where 

1 m b V 2 
2l  lrKr lr (15) 

Gff(O) = I + S F .  V 2 l 

I V  1 (16) 
T~= 2llrKr 1 m li V 2 

21 lrKr 

Here Tp is the coefficient of s in the numerator 

of the transfer function, and G~(0) is the side slip 

angle gain defined as the ratio of  the side slip 

angle with respect to the front wheel steering 

angle when the vehicle is in the steady circular 

turning maneuver. 

It is noted that Tp has two distinct values as the 

vehicle speed increases. In the low speed range, 

the value of Ta is positive�9 Otherwise, Ta has 

negative values in high speed regions. It means 

that a transition speed, V~, exists in the side slip 

response, and is easily obtained from Eq. (16) 

and the exact mathematical form is derived as 

follows: 

i -  

.1 o 

-2-  

Fig. 2 

�9 "l i i ~ - - i - - l - - i  

I WomMm~m 

! 

�9 .~ -]o o ~ 

Pole-zero map w.r.t, the change of vehicle 
speed 

speed, the zero of the system is located in the left 

-ha l f  plane in the s-plane. It means that the zero 

dynamics is stable at this speed range. Otherwise, 

the zero dynamics is unstable due to the r ight-hal f  

plane zero at above-transi t ion speeds. Therefore, 

we can say that the characteristics of the system 

are changed from minimum phase to non-mini-  

mum phase as the vehicle speed increases (Ogata, 

1990, Frankl in  et al., 1994). This will occur in 

the side slip angle gain of  Eq. (15). In order to 

explain the above phenomenon, the pole-zero 

map with respect to the change of vehicle speed is 

suggested in Fig. 2. 

3. Formulat ion  for the Sens i t iv i ty  

Analys i s  

In this chapter, sensitivity functions on the side 

slip angle with respect to the design variables are 

derived�9 These could be classified into sensitivity 

functions for the basic terms and magnitude and 

phase of the transfer function for the more system- 

atic approach�9 

2 llrKr (17) 
Vp= mle 

Va is the speed of the vehicle and is a function of 

the vehicle parameters. At this speed, the gain of 

the transfer function for the side slip angle has 

zero value. This point might be treated as a 

transition point of the side slip angle response of 

the vehicle. Because of  this point, the response 

characteristics of  the side slip angle are classified 

into two distinct domains. Under the transition 

3.1. Sensit ivity functions for the basic 
terms 

For  the formulation of the sensitivity functions 

for the side slip angle with respect to the design 

variables, sensitivity formulations for the basic 

functions are performed at the initial stage. This 

information is useful for derivation of the sensitiv- 

ity of  magnitude and phase of  the transfer func- 

tion. The sensitivity formulations are summarized 
in Table 1. 
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Table  1 Basic functions and sensitivity functions 

Basic functions Sensitivity functions 

SF OSF 
9b 

O(On 
Ob (On 

The basic functions for the vehicle can be 
defined as a function of the vehicle parameters. A 
sensitivity function for the basic functions is the 
partial derivative of the functions with respect to 
the design variable vector(Jang, 1995b). This 
sensitivity information for damping ratio, natural 
frequency, and stability factor will be used for 
formulation of the magnitude and phase of the 
transfer functions. 

3.2. S e n s i t i v i t y  f u n c t i o n s  for  t h e  m a g n i t u d e  

a n d  p h a s e  

From Eq. (14), sensitivity functions for the 
magnitude and phase of the transfer function can 
be derived. Contents of the previous section are 
used for the systematic derivation process. First, 
magnitude and phase of the transfer function are 
defined as follows. In order to check the fie- 
quency response, Laplace variables have to be 
replaced by the following terms s=j2zrf. In this 
case, f is the forcing input frequency(Hz) to 
the vehicle, and j indicates the imaginary part of 
the complex variable. Therefore, the magnitude of 
the transfer function is: 

I Gg(j2~rf) I = A . B  (18) 

where 

A = I  G#(O) I, 
/ p2+ c~2 

The phase of the transfer function is: 

L G~(j2zcf)=tan-l( p-p~ ) 

where PB, Qp, Rp and S~ are defined as follows: 

.p~= 1 

Op= Tp(2u/) 
1 (2~rf~ 2 R~= - \ - ~  / 

Sp= 2 w-~ (2zcf) (20) 

As the first process of the derivation of the 
sensitivity functions in the frequency domain, 
sensitivity of the magnitude must be considered. If 
we perform the partial differentiation of the 
magnitude with respect to the design variables, 
the following general sensitivity function for 
magnitude can be obtained from Eq. (18): 

3 Ob [ Gg(j2xf) t = A u B + A ' B b -  (21) 

where Ab and Bb are partial derivatives of A 
and B -  with respect to the design variable 
vector b. For the evaluation of the sensitivity 
functions for magnitude, let us divide Eq. (21) 
into parts. In order to determine the sensitivity of 
A in Eq. (21) with respect to the design vari- 
ables, the side slip angle gain coefficient can be re- 
defined from Eq. (15): 

A = f A  (b) "ga (b) (22) 

where 

__- m If V 2 ' 
fA(b_) 1 2l lrKr 

m lj V 2, (at V < V ~ )  
1 21 lrKr 

l b V2_I ,  (at V >  Va) 
2 l LKr 

lr 
gA (b_) = (1 + s F .  v =) T 

Finally, the sensitivity of A with respect to the 
design variables is derived. The exact: expressions 
of the sensitivity functions for the sub-functions 
have been summarized in Ref. (Jang, 1995b): 

Ab=~[f~ "ga]- -  ~fm ~ ~ ~c t ~  (23) _ - -  ~ - ~ A  T J A--0b 

The sensitivity function of B in Eq. (21) 
with respect to the design variables is obtained as 
follows: 

B - 1 [-RJ+S~ 3 [ P ~ 4 - Q ~  
_ b - - ~ - ~ / ~ ' ~ _ b  ~ , ~  ] (24) 

where 
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a ( ~  
a_a\ R~ + sJ ] 

_ ([~b (~  +Q~)] (R~+ S~) - (~  +Q,)2[~b(R~+S~)]) 

- -  (R~+ Si ) '  

(25) 

with 

O (p#+ Qj) = 2 p a @ + 2 Q a @  (26) 
Ob Ob Ob 

o OSp (27) O ( R J +  S~) = 2 R a ~ b a  + ~ o a ~ - -  
Ob 

where the partial derivatives of pp, ~a, Ra, and Sa 
with respect to the design variables are defined as 
follows: 

OPp = 0  
ab 

aQp = (2~rf) aTp 
3b ab 

aRp _ (2~rf) 2 2 Own 
Ob w~ Ob 

a ~  
aSP - (4~ f )~(co~)  Ob (28) 

The sensitivity function for Tp can be derived 
by partial differentiation of Ta with respect to the 
design variables. Also, the exact expressions of  
the sensitivity function for the sub-functions have 
been summarized in Ref. (Jang, 1995b). 

As the second step of the derivation of the 
sensitivity functions in the frequency domain, 
sensitivity of the phase must be considered. The 
sensitivity function for the phase function can be 
obtained by partial differentiation of the function 
with respect to the design variables: 

4.  R e s u l t s  o f  t h e  S e n s i t i v i t y  A n a l y s i s  

Various sensitivity analyses were carried about 
a nominal point for the front wheel vehicle system 
in the frequency domain. Vehicle data used in this 
research are listed in Table 2. These data are 
general for conventional mid-size passenger cars. 
From these data, we see that the car shows under- 
steer characteristics and directional stability for 
steering maneuver. 

Table 2 Vehicle data list used for anlaysis 

Design variable Data Dimension 

m 1,300 kg 

I 2,100 kg" m 2 

Kf 40,000 N~ rad 

K~ 30,000 N~ tad 

lj 1.01 m 

l~ 1.65 m 

Sensitivity information is evaluated in various 
vehicle speed ranges(20km/h-- 120km/h) with 
respect to the design variables. Initially, the effects 
of  each design variable for the side slip angle are 
examined. Secondly, a dominant design variable 
is checked by comparison of the results. Before 
the sensitivity analysis, conventional frequency 
analyses are performed for the magnitude and 
phase of the side slip angle with respect to various 
vehicle speeds. The results of the magnitude and 

where 

a ,~,_r P# I O(Q~ 
L PJ + Qp J Ob_ k P~ ) 
[ f~ l o ( s ~  (29) 

8 ( ~ = ' Q p  \ 1 FaQp P ~ 0Pp] (30) 

a { s p ~  1 [ - a s ~  ~ ~ a R p l  
0_b \R~-~ ) = ~ L ~ - "  K ~ _  - b~" ~--J_ (31) 

The partial derivatives of P~, Q~, R~, and Sp are 
derived from Eq. (28). As a result, Eqs. (21) 

(31) are used for all sensitivity analyses in the 
frequency domain. 

lo" & ld lo' 
Frequenmy(Hz) 

Law S 

-10r ' . . . . .  l ~  0 . . . . .  1'0~ 10 = 

Fig. 3 

Frequen6,y(Hz) 

Magnitude and phase change of the side 
slip angle w.r.t, vehicle speed(km/h) 
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phase analysis angle are presented in Fig. 3. F rom 

these results, we see that the magnitude and phase 

of the side slip angle change irregularly with 

variations in vehicle speed. 

In view of  the magnitude for side slip angle, 

under 1--2 Hz, it decreases until the vehicle speed 

reaches 60km/h. However it increases above this 

speed. Otherwise, above 1--2 Hz region it 

decreases as the vehicle speed increases. In the 

case of phase for side slip angle, under 3 Hz, it 

increases as the vehicle speed increases. Above 

60km/h, phase lead quantity is detected. Since the 

zero of the side slip angle is located in the right 

-ha l f  plane within the speed range, we can con- 

clude that the zero dynamics is unstable. This 

means that the system has non-minimum phase 

(Ogata, 1990, Frankl in  et al., 1994). From this 

research, we conclude that this phenomenon 

occurs when the vehicle speed is above the transi- 

tion speed Va in Eq. (16). Also, we suggest that 

this speed must be treated as an important crite- 

rion for the frequency response of  the side slip 

angle. Otherwise, above 3 Hz the phases for all 

speed ranges converge to -900 . From the trends of 

magnitude and phase of the side slip angle, we 

conclude that the frequency responses of the side 

slip ang]le are dominant under the 1 Hz region. 

4.1 T h e  e f f e c t s  o f  t h e  v e h i c l e  m a s s  

The effects of vehicle mass on the magnitude 

and phase of the side slip angle are considered in 

the frequency domain. Figure 4 shows the results 

of the side slip angle sensitivity with respect to 

0 20 ' 

10 "1 10 o l d  1(~ 
Frequlncy~l-tz) 

'5 -0,01 

-oo~_ , , ~ . . . . . . . . . .  
10' 100 10' 10' 

Frequ=ey(Hz) 

Fig. 4 Side slip angle sensivity for m w.r.t. 
change in vehicle speed (kin/h) 

change in vehicle mass. The upper figure shows 

that the magnitude sensitivity of the side slip 

angle with respect to the vehicle mass decreased 

until 0 .3  Hz as the vehicle speed increased. In the 

0 . 3 - - 0 . 8  Hz region, the sensitivity values have 

different trends compared to the values for under 

0.3 Hz. An interesting observation from this 

result is that the sensitivity value of magnitude 

for vehicle mass has a maximum at about 

2 Hz with 40 km/h  vehicle speed. After 2 Hz 

region, all values converge to zero. The lower 

figure shows the results of  the phase sensitivity 

with respect to the vehicle mass according to the 

speed change. In this result, the values for low 

speed (20--60km/h)  decrease as the speed 

increases for under 1 Hz. But in the'. same fre- 

quency region, the values for high speeds(60 

120km/h) increase. The value for 60km/h has 

a maximum in the same region. Like the case of 

sensitivity for magnitude, the values converge to 

the zero as the frequency is increased. 

4.2 T h e  e f f e c t s  o f  t h e  v e h i c l e  i n e r t i a  

The effects of  the vehicle inertia in the yaw 

direction to the side slip angle are studied in the 

frequency domain. Figure 5 shows the results of 

the side slip angle sensitivity with respect to 

changes in vehicle inertia. In the upper figure, the 

value for 20 km/h  vehicle speed is very small, and 

the values for 40 km/h  and 60 km/h  are positive. 

Otherwise, the values for the high speeds (80-- 

120km/h) decrease as speed is increased. From 

this result, we see that the sensitivity value of 

• 103 

~o 

10' 10 ~ 10, 10' 
Fr~luency(Hz) 

"Z 5 x  1(~ . . . .  ' " ' 

00-120 

o~-10 

Frequency(Hz) 

Fig. 5 = Side slip angle sensitivity for I w.r.t. 
change of vehicle speed (km/h) 
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magnitude with respect to the vehicle inertia is 

dominant  in the 1 Hz range. In the lower figure, 

the sensitivity of  the phase is represented. In the 

40 km/h  vehicle speed, a zero point of  the sensi- 

tivity value is detected at about 1 Hz. The side slip 

angle may have maximum value at this point. 

Therefore it must be carefully examined. Usually, 

we can say that a vehicle has an uncertain 

dynamic nature at this point. 

4.3 The effects of the cornering stiffness of 
the front wheel 

The effects of  cornering stiffness of  the front 

wheel to the side slip angle are considered in the 

frequency domain. Figure 6 shows the side slip 

angle sensitivity with respect to changes in corner- 

ing stiffness of the front wheel. The sensitivity of 

the magnitude and phase are shown in the upper 

and lower parts of  Fig. 6, respectively. In the 

range of  0 - -40km/h  vehicle speed, the sensitivity 

values for magnitude are positive, while above 

this speed range the value of  sensitivity decreases 

as the vehicle speed increased. Any zero points of  

the sensitivity value do not exist in this case. As 

the vehicle speed increased, the maximum sensi- 

tivity point is located under 1 Hz. In case of  the 

sensitivity for the phase, all trends are the same as 

the magnitude case under 1 Hz. However, above 

60 km/h,  the zero points of  the sensitivity value 

are detected at about 1 Hz. Above 1 Hz, the 

sensitivity values for phase decrease as the vehicle 

speed increased. As the frequency continuously 

increases, all sensitivity values converge to the 

An 
0 _ _  Rn _ _  ~ _ 0 0 ~  

, , ,  1 r 

10 "1 10~ 101 102 
Frequeney(Hz) 

x 1(~ 3 

~o 
m _ 1 5  . . . .  

1~' lo o 10' ~OO 
Frequency(Hz] 

Fig. 6 Side slip angle sensivitiy for Ks w.r.t, the 
change of vehicle speed (km/h) 

zero value. It must be noted that the response of 

the sensitivity for phase is dominant in the fre- 

quency range of 1 - 1 . 5  Hz. 

4.4 The effects of cornering stiffness on the 
rear wheel 

The effects of  cornering stiffness on the rear 

wheel to the side slip angle are analyzed in the 

frequency domain. Figure 7 shows the results of 

the side slip angle sensitivity with respect to 

changes in the cornering stiffness of the rear 

wheel. The sensitivity values of  side slip angle for 

cornering stiffness of  the front wheel increase as 

the vehicle speed increased. Any zero points of 

the sensitivity value do not exist in this case. 

Under 60 km/h,  the trends of  the value are some- 

what ambiguous. But above this speed, the trends 

of the value are explicitly represented in the upper 

figure. Also, under the 1 Hz region, these trends 

are explicitly represented but, above 1 Hz, it is not 

explicit. In the lower figure, the sensitivity values 

of the phase are shown. The values increase as the 

vehicle speeds increased until the speed reaches 60 

km/h.  Otherwise, above 60 km/h,  the sensitivity 

values continuously decrease as the vehicle speed 

increased. Like the previous case, all maximum 

sensitivity values occurred near the 1 Hz region. 

In this case zero points of the sensitivity value do 

not exist. 

4.5 The effects of the distance from e. g. to 
front wheel center 

The effects of the distance from center of grav- 

 OOo _ ,,, 
1~' 100 10' ~OO 

F r ~ l u e n e y ( H z )  .~ooI~~oo . . . . . . . . . . . . . . .  t 

1~' 10 o 10' loo 
F r a q u e n ~ 0 - ~  ) 

Fig. 7 Side slip angle sensitivity for /~r w.r.t, the 
change of vehicle speed (km/h) 
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1 0  ~ l o  0 

F r I K l U I m C y ( H I )  
x l ~ P  

~~ 
}-2 

~o' lo ~ 
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Fig. 9 Side slip angle sensitivity for lr w.r.t, the 
change of vehicle speed (km/h) 

ity to front wheel center to the side slip angle are 

considered in the frequency domain. Figure 8 

shows tile results of  the side slip angle sensitivity 

with respect to changes in distance from center of  

gravity to front wheel center. In this case, the 

values increase as the vehicle speed increased. 

Any zero points of  the sensitivity value do not 

exist in this case. Under 60 km/h,  the trends of  the 

value are somewhat ambiguous. But above this 

speed, the trends of the value are explicitly re- 

presented in the upper figure. Also, under the 1 

Hz region, these trends are explicitly represented 

but, above 1 Hz, it is not explicit. In the lower 

figure, the sensitivity values of  the phase are 

shown. The values increase as the vehicle speed 

increased until 60 km/h.  Otherwise, in the 80 

100 km/h  speed range, the sensitivity value has 

a small value compared to the value of  the value 

for 60 km/h.  Above these speed range, the values 

continuously decreased as the vehicle speed in- 

creased. Like the previous case, all maximum 

sensitivity values occurred near the 1 Hz. In this 

case, zero points of the sensitivity value do not 

exist. 

4.6 The effects of the distance from c. g. to 

rear wheel  center 
The effects of the distance from center of  grav- 

ity to rear wheel center to the side slip angle are 

studied in the frequency domain. The result of  the 

side slip angle sensitivity with respect to change of 

the distance from center of gravity to rear wheel 

center is shown in Fig. 9. In this case, the values 

increase as the vehicle speed increased. Any zero 

points of the sensitivity value are not detected. 

Like the previous case, the trends of  the value are 

more or tess ambiguous under 60 km/h.  But 

above this speed, the trends of the value are 

explicitly represented in the upper figure. Also 

under the 1 Hz region, these trends are explicitly 

represented but, above the 1 Hz, it is not explicit. 

In the lower figure, the sensitivity values of the 

phase are suggested. The values positively in- 

creased as the vehicle speed increased until 60 

km/h.  Otherwise, above the 60 km/h,  the sensitiv- 

ity values continuously decreased as the vehicle 

speed increased. Like the previous case, all maxi- 

mum sensitivity values occurred near the 1 Hz. In 

this case, we can not find any zero points of  the 

sensitivity value. 

4.7 Dominant design variable study 

The dominant design variables can be 

examined based on the sensitivity analyses for 

side slip angle of the vehicle at the center of 

gravity. In order to check the dominant design 

variable, a normalization process is required for 

dimension matching. In this research, 1% pertur- 

bat ion of the design variables is performed for 

this process. The rank of the design variables is 

different depending on the vehicle speed. In this 

study, only two vehicle speeds(40km/h and 

80km/h) are considered. 

In case of 40 km/h  vehicle speed, the results are 

grouped in Fig. 10. From the upper figure, we can 

see that a dominant design variable for magnitude 
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of the side slip angle is Jr. Next, we consider, 

m, II, Kr, Ks, and I.  The sensitivities have quite 

different values at about 2 Hz. But as the fre- 

quency increases, the values converge to zero. 

Zero points are not detected at this vehicle speed. 

From the lower figure, we can see that a dominant 

design variable for phase of the side slip angle is 

IT. Next, rn, Kr, ls, Ks, and I are followed in 

turn. In this case, the sensitivities have mostly 

different values at around 1 Hz. Also, in spite of 

I having lower value for phase sensitivity, it must 

be carefully treated at the analysis and control 

stage, because it has zero sensitivity value at 

about 1 Hz. In this point, the phase of the side slip 

angle may have maximum value. However, the 

values of the high frequency converge to zero as 

in the magnitude case. 

In case of 80 km/h vehicle speed, the results are 

shown in Fig. 11. Like the previous magnitude 

results, we see that a dominant design variable for 

magnitude is lr. Next, Kr, ls, Ks, rn, and I are 

followed in turn. The sensitivities have quite 

different values at about 1 Hz. But as the fre- 

quency is increased, the values are converge to 

zero. Any zero points are not detected at this 

vehicle speed. From the lower figure, we can see 

that a dominant design variable for phase of the 

side slip angle is l~. Next, IX]r, m, I, ly, and Ks are 

followed in turn. In this case, the sensitivities have 

mostly different values near 1 Hz. Also, in spite of 

Ks has a lower value for phase sensitivity, it must 

be carefully treated at the analysis and control 

stage, because it has zero sensitivity value near 1. 

2 Hz. However, the values of the high frequency 

converge to zero like in the magnitude case. 

From Fig. 10 and Fig. 11~ we can conclude that 

the sensitivity variables for design variables are 

changed as the vehicle speed changes. For exam- 

ple, the vehicle mass effect is reduced as the 

vehicle speed increased. Also, the effect of vehicle 

inertia to the sensitivity of the phase increases as 

the vehicle speed increased. This change point of 

the vehicle response is detected in this study at 

about 1 Hz. This could be used as a basis for the 

development of a vehicle that has more enhanced 

frequency response for handling performance, as 

well as new-robust control for external distur- 

bances. Also, this may be used by vehicle the 

designer for either re-design or initial design of 

the vehicle. 

5. C o n c l u s i o n s  

In this study, the sensitivity analyses for the 

side slip angle of the front wheel steering vehicle 

system are carried out in the frequency domain. 

From various sensitivity analyses, useful sensitiv- 

ity information is evaluated at various vehicle 

speeds with respect to the design variables. First, 

the effects of each design variable on the state 

variables are examined. Secondly, a dominant 

design variable is checked by comparison of the 

results. In these results, zero points of the state 

sensitivity variable which may be a critical point 

for vehicle design and control are detected. These 

points must be carefully considered as a design 
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base. Also, we see that the effects an state sensitiv- 
ity of the distance from center of gravity to rear 
wheel center, and from center of gravity to front 
wheel center, are the most sensitive design vari- 
ables. Also, the vehicle mass has the second 
highest sensitivity at low speed ranges. But its 
importance is continuously reduced as the vehicle 
speed increased. In the case of vehicle control, the 
zero points of the state sensitivity results must be 
outside the nominal driving conditions because 
severe problems may occur at these points. In the 
case of vehicle design, a modification of the 
vehicle wheel base must be carefully addressed for 
a reasonable vehicle design. Also, we find that the 
frequency response of the side slip angle has two 
distinct characteristics. These two distinct 
domains; are divided into stable and unstable zero 
dynamics regions. This means that the characteris- 
tics are changed from minimum phase to non 
-minimum phase as the vehicle speed increased 
due to the change in zero dynamics. We also see 
that the dominant frequency range goes down as 
the speed increased. Therefore, a vehicle must be 
considered separately at various vehicle speeds. 
This research may be used for design optimiza- 
tion in the frequency domain, and for controller 
design of the vehicle. 
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